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FIG. 15
splitting a laser beam from a laser into a first laser beam into a first
optical arm of a Mach-Zehnder interferometer and a second laser
beam into a second optical arm of the Mach-Zehnder interferometer
inserting a whispering-gallery-mode resonator formed of a fluorite
crystal material in the first optical arm of the Mach-Zehnder
interferometer to receive the first laser beam from an input end of the
first optical arm and to output a filtered first laser beam to an output
end of the first optical arm
combining the filtered first laser beam and the second laser beam to
produce a combined beam as an output of the Mach-Zehnder
interferometer
converting the combined beam into a detector signal to observe an
optical hyperparametric oscillation caused by a nonlinear mixing in
the resonator
U.S. Patent	 Dec. 8, 2009	 Sheet 9 of 9	 US 7,630,417 B1
FIG. 16
splitting a laser beam from a laser into a first laser beam into a first
optical arm of a Mach-Zehnder interferometer and a second laser
beam into a second optical arm of the Mach-Zehnder interferometer
inserting a whispering-gallery-mode resonator formed of a fluorite
crystal material in the first optical arm of the Mach-Zehnder
interferometer to receive the first laser beam from an input end of the
first optical arm and to output a filtered first laser beam to an output
end of the first optical arm
combining the filtered first laser beam and the second laser beam to
produce a combined beam as an output of the Mach-Zehnder
interferometer
converting the combined beam into a detector signal to observe an
optical hyperparametric oscillation caused by a nonlinear mixing in
the resonator
converting a portion of the the filtered first laser beam into an
electrical signal
using the frequency error signal to control the laser to lock the laser
to a whispering gallery mode of the resonator
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CRYSTAL WHISPERING GALLERY MODE	 BRIEF DESCRIPTION OF THE DRAWINGS
OPTICAL RESONATORS
This application claims the benefit of U.S. Provisional
Patent Application Ser. No. 60/582,883 entitled "Hyper-Para-
metric Optical Oscillator with Crystalline Whispering Gal-
lery Mode Resonators" and filed Jun. 24, 2004, the entire
disclosure of which is incorporated herein by reference as
part of the specification of this application.
FEDERALLY SPONSORED RESEARCH OR
DEVELOPMENT
The invention described herein was made in the perfor-
mance of work under a NASA contract, and is subject to the
provisions of Public Law 96-517 (35 USC 202) in which the
Contractor has elected to retain title.
BACKGROUND
This application relates to whispering gallery mode
(WGM) resonators and their applications.
The optical resonators may be configured as optical whis-
pering-gallery-mode ("WGM") resonators which support a
special set of resonator modes known as whispering gallery
("WG") modes. These WG modes represent optical fields
confined in an interior region close to the surface of the
resonator due to the total internal reflection at the boundary.
For example, a dielectric sphere may be used to form a WGM
resonator where WGM modes represent optical fields con-
fined in an interior region close to the surface of the sphere
around its equator due to the total internal reflection at the
sphere boundary. Quartz microspheres with diameters on the
order of 10-102 microns have been used to form compact
optical resonators with Q values greater than 10 9 . Such hi-Q
WGM resonators may be used to produce oscillation signals
with high spectral purity and low noise. Optical energy, once
coupled into a whispering gallery mode, can circulate at or
near the sphere equator over a long photon life time.
SUMMARY
This application describes crystal WGM resonators with
high quality factors at or above 10' 0 . Optical hyperparametric
oscillations caused by nonlinear wave mixing can be achieved
and observed from such resonators at low thresholds.
In one implementation, a laser beam from a laser is split
into a first laser beam into a first optical arm of a Mach-
Zehnder interferometer and a second laser beam into a second
optical arm of the Mach-Zehnder interferometer. A whisper-
ing-gallery-mode resonator formed of a fluorite crystal mate-
rial is inserted in the first optical arm of the Mach-Zehnder
interferometer to receive the first laser beam from an input
end of the first optical arm and to output a filtered first laser
beam to an output end of the first optical arm. The filtered first
laser beam and the second laser beam are combined to pro-
duce a combined beam as an output of the Mach-Zehnder
interferometer. The combined beam is converted into a detec-
tor signal to observe an optical hyperparametric oscillation
caused by a nonlinear mixing in the resonator.
In addition, the laser may be a tunable laser. Therefore, a
portion of the combined beam can be converted into an elec-
trical signal. A DC portion of the electrical signal is then used
as a frequency error signal of the laser to control the laser to
lock the laser to a whispering gallery mode of the resonator.
These and other features are described in greater detail in
the attached drawings, the detailed description and the
claims.
FIGS. 1, 2, 3, 4A, and 4B illustrate various exemplary
resonator configurations that support whispering gallery
5 modes.
FIGS. 5A and 5B illustrate two evanescent coupling
examples.
FIGS. 6, 7,8,9, 10 and 11 show properties of crystal WGM
resonators.
io FIG. 12 shows a device for measuring an optical hyper-
parametric oscillation in a fluorite WGM resonator in Mach-
Zehnder configuration.
FIGS. 13 and 14 show measurements from the device in
FIG. 12.
15 FIGS. 15 and 16 show two methods of operating the device
in FIG. 12.
DETAILED DESCRIPTION
20 WGM resonators made of crystals described in this appli-
cation can be optically superior than WGM resonators made
of fused silica. WGM resonators made of crystalline CaF 2 can
produce a Q factor at or greater than 10' 0 . Such a high Q value
allows for various applications, including generation of kilo-
25 hertz optical resonances and low-threshold optical hyper-
parametric oscillations due to the Kerr nonlinear effect.
The following sections first describe the exemplary geom-
etries for crystal WGM resonators and then describe the prop-
erties of WGM resonators made of different materials.
30 FIGS. 1, 2, and 3 illustrate three exemplary WGM resona-
tors. FIG.1 shows a spherical WGM resonator 100 which is a
solid dielectric sphere. The sphere 100 has an equator in the
plane 102 which is symmetric around the z axis 101. The
circumference of the plane 102 is a circle and the plane 102 is
35 a circular cross section. A WG mode exists aroundthe equator
within the spherical exterior surface and circulates within the
resonator 100. The spherical curvature of the exterior surface
around the equator plane 102 provides spatial confinement
along both the z direction and its perpendicular direction to
40 support the WG modes. The eccentricity of the sphere 100
generally is low.
FIG. 2 shows an exemplary spheroidal microresonator 200.
This resonator 200 may be formed by revolving an ellipse
(with axial lengths a and b) around the symmetric axis along
45 the short elliptical axis 101 (z). Therefore, similar to the
spherical resonator in FIG. 1, the plane 102 in FIG. 2 also has
a circular circumference and is a circular cross section. Dif-
ferent from the design in FIG. 1, the plane 102 in FIG. 2 is a
circular cross section of the non-spherical spheroid and
5o around the short ellipsoid axis of the spheroid. The eccentric-
ity of resonator 100 is (I -b2/a2) i12 and is generally high, e.g.,
greater than 10- '. Hence, the exterior surface is the resonator
200 is not part of a sphere and provides more spatial confine-
ment on the modes along the z direction than a spherical
55 exterior. More specifically, the geometry of the cavity in the
plane in which Z lies such as the zy or zx plane is elliptical.
The equator plane 102 at the center of the resonator 200 is
perpendicular to the axis 101(z) and the WG modes circulate
near the circumference of the plane 102 within the resonator
6o 200.
FIG. 3 shows another exemplary WGM resonator 300
which has a non-spherical exterior where the exterior profile
is a general conic shape which can be mathematically repre-
sented by a quadratic equation of the Cartesian coordinates.
65 Similar to the geometries in FIGS. 1 and 2, the exterior
surface provides curvatures in both the direction in the plane
102 and the direction of z perpendicular to the plane 102 to
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confine and support the WG modes. Such a non-spherical, 	 ing ultrahigh Q resonators potentially attractive as light stor-
non-elliptical surface may be, among others, a parabola or 	 age devices. Furthermore, some crystals are transparent
hyperbola. Note that the plane 102 in FIG. 3 is a circular cross 	 enough to allow extremely high-Q whispering gallery modes
section and a WG mode circulates around the circle in the 	 while having important nonlinear properties to allow continu-
equator.	 5 ous manipulation of the WGMs' characteristics and further
The above three exemplary geometries in FIGS. 1, 2, and 3	 extend their usefulness.
share a common geometrical feature that they are all axially	 In a dielectric resonator, the maximum quality factor can-
or cylindrically symmetric around the axis 101 (z) around	 not exceed Qm 27m0/(7ta), where no is the refractive index
which the WG modes circulate in the plane 102. The curved	 of the material, X is the wavelength of the light in vacuum, and
exterior surface is smooth around the plane 102 and provides io a is the absorption coefficient of the dielectric material. The
two-dimensional confinement around the plane 102 to sup- 	 smaller the absorption, the larger is Qm_. Hence, to predict
port the WG modes.	 the narrowest possible linewidth y—T i of a WGM one has to
Notably, the spatial extent of the WG modes in each reso- 	 know the value of optical attenuation in transparent dielec-
nator along the z direction 101 is limited above and below the 	 trics within their transparency window within which the
plane 102 and hence it may not be necessary to have the 15 losses are considered negligible for the vast majority of appli-
entirety of the sphere 100, the spheroid 200, or the conical	 cations. This question about the residual fundamental absorp-
shape 300. Instead, only a portion of the entire shape around 	 tion has remained unanswered for most materials because of
the plane 102 that is sufficiently large to support the whisper- 	 a lack of measurement methods with adequate sensitivity.
ing gallery modes may be used to form the WGM resonator. 	 Fortunately, high-Q whispering gallery modes themselves
For example, rings, disks and other geometries formed from 20 represent a unique tool to measure very small optical attenu-
a proper section of a sphere may be used as a spherical WGM	 ations in a variety of transparent materials.
resonator.	 Previous experiments with WGM resonators fabricated by
FIGS. 4A and 4B show a disk-shaped WGM resonator 400	 thermal reflow methods applicable to amorphous materials
and a ring-shaped WGM resonator 420, respectively. In FIG. 	 resulted in Q factors less than 9x 10 9 . The measurements were
4A, the solid disk 400 has a top surface 401A above the center 25 performed with fused silica microcavities, where surface-
plane 102 and a bottom surface 401B below the plane 102 	 tension forces produced nearly perfect resonator surfaces,
with a distance H. The value of the distance H is sufficiently 	 yielding a measured Q factor that approached the fundamen-
large to support the WG modes. Beyond this sufficient dis- 	 tal limit determined by the material absorption. It is expected
tance above the center plane 102, the resonator may have	 that optical crystals would have less loss than fused silica
sharp edges as illustrated in FIGS. 3, 4A, and 4B. The exterior so because crystals theoretically have a perfect lattice without
curved surface 402 can be selected from any of the shapes	 inclusions and inhomogeneities that are always present in
shown in FIGS. 1, 2, and 3 to achieve desired WG modes and 	 amorphous materials. The window of transparency for many
spectral properties. The ring resonator 420 in FIG. 4B may be 	 crystalline materials is much wider than that of fused silica.
formed by removing a center portion 410 from the solid disk	 Therefore, with sufficiently high-purity material, much
400 in FIG. 4A. Since the WG modes are present near the 35 smaller attenuation in the middle of the transparency window
exterior part of the ring 420 near the exterior surface 402, the	 can be expected-as both the Rayleigh scattering edge and
thickness h of the ring may be set to be sufficiently large to 	 multiphonon absorption edge are pushed further apart
support the WG modes. 	 towards ultraviolet and infrared regions, respectively. More-
An optical coupler is generally used to couple optical 	 over, crystals may suffer less, or not at all, the extrinsic
energy into or out of the WGM resonator by evanescent 4o absorption effects caused by chemosorption of OH ions and
coupling. FIGS. 5A and 5B show two exemplary optical 	 water, a reported limiting factor for the Q of fused silica near
couplers engaged to a WGM resonator. The optical coupler 	 the bottom of its transparency window at 1.55 µm.
may be in direct contact with or separated by a gap from the	 Until recently, one remaining problem with the realization
exterior surface of the resonator to effectuate the desired 	 of crystalline WGM resonators was the absence of a fabrica-
critical coupling. FIG. 5A shows an angle-polished fibertip as 45 tion process that would yield nanometer-scale smoothness of
a coupler for the WGM resonator. A waveguide with an 	 spheroidal surfaces for elimination of surface scattering. Very
angled end facet, such as a planar waveguide or other 	 recently this problem was solved. Mechanical optical polish-
waveguide, may also be used as the coupler. FIG. 5B shows a 	 ing techniques have been used for fabricating ultrahigh-Q
micro prism as a coupler for the WGM resonator. Other 	 crystalline WGM resonators with Q approaching 10 9 . In this
evanescent couplers may also be used, such as a coupler 5o application, high quality factors (Q=2x10 10) in WGM reso-
formed from a photonic bandgap material. 	 nators fabricated with transparent crystals are further
WGM resonators have proven to be an effective way to 	 described.
confine photons in small volumes for long periods of time. As 	 Crystalline WGM resonators with kilohertz-range reso-
such it has a wide range of applications in both fundamental 	 nance bandwidths at the room temperature and high reso-
studies and practical devices. For example, WGM resonators 55 nance contrast (50% and more) are promising for integration
can be used for storage of light with linear optics, as an 	 into high performance optical networks. Because of small
alternative to atomic light storage, as well as in tunable optical	 modal volumes and extremely narrow single-photon reso-
delay lines, a substitute for atomic-based slow light experi- 	 nances, a variety of low-threshold nonlinear effects can be
ments. WGM resonators can also be used for optical filtering 	 observed in WGM resonators based on small broadband non-
and opto-electronic oscillators, among other applications. 	 60 linear susceptibilities. As an example, below we report the
Amongst many parameters that characterize a WGM reso- 	 observation of thereto-optical instability in crystalline reso-
nator (such as efficiency of in and out coupling, mode volume, 	 nators, reported earlier for much smaller volume high-Q
free spectral range, etc.) the quality factor (Q) is a basic one. 	 silica microspheres.
The Q factor is related to the lifetime of light energy in the 	 There is little consistent experimental data on small optical
resonator mode (ti) as Q=27tuti, where v is the linear frequency 65 attenuation within transparency windows of optical crystals.
of the mode. The ring down time corresponding to a mode	 For example, the high sensitivity measurement of the mini-
with Q=2x10 10 and wavelength X=1.3 µm is 15 µs, thus mak- 	 mum absorption of specially prepared fused silica, a-0.2
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dB/km at X=1.55 µm, (Aa?10-7 cm- ') becomes possible
only because of kilometers of optical fibers fabricated from
the material. Unfortunately, this method is not applicable to
crystalline materials. Fibers have also been grown out of
crystals such as sapphire, but attenuation in those (few dB per 5
meter) was determined by scattering of their surface. Calo-
rimetry methods for measurement of light absorption in trans-
parent dielectrics give an error on the order of Aa? 10-7 CM-1.
Several transparent materials have been tested for their
residual absorption with calorimetric methods, while others io
have been characterized by direct scattering experiments,
both yielding values at the level of a few ppm/cm of linear
attenuation, which corresponds to the Q limitation at the level
of 1010 . The question is if this is a fundamental limit or the
measurement results were limited by the imperfection of 15
crystals used.
Selection of material for highest-Q WGM resonators must
be based on fundamental factors, such as the widest transpar-
ency window, high-purity grade, and environmental stability.
Alkali halides have to be rejected based on their hygroscopic 20
property and sensitivity to atmospheric humidity. Bulk losses
in solid transparent materials can be approximated with the
phenomenological dependence
arg U e ovi +aRT °+awe lxi	 (1) 25
where oLu aR, and arR represent the blue wing (primary
electronic), Rayleigh, and red wing (multiphonon) losses of
the light, respectively; XUV and Xzx stand for the edges of the
material transparency window. This expression does not take
into account resonant absorption due to possible crystal so
impurities. Unfortunately, coefficients in Eq. (1) are not
always known.
One of the most attractive candidates for fabrication of
high-Q WGM resonators is calcium fluoride (CaF 2). It has 35
attracted a lot of attention because of its use in ultraviolet
lithography applications at 193 and 157 mu. Ultrapure crys-
tals of this material suitable for wide aperture optics have
been grown, and are commercially available. According to
recently reported measurements on scattering in CaF2 a=3x 40
10-5 cm- ' at 193 mu, extremely small scattering can be pro-
jected in the near-infrared band corresponding to the limita-
tion of Q at the level of 1013
FIG. 6 shows the projected limitations of the Q factors for
crystalline WGM resonators by bulk material attenuation. 45
The dependencies shown are not fundamental theoretical lim-
its but represent wavelength extrapolations based on semi-
phenomenological model Eq. (1) and the best experimental
fragmentary data on absorption and scattering (CaF 2), Al2031
fused silica and LiNb03.	 50
Lattice absorption at this wavelength can be predicted from
the position of the middle infrared multiphonon edge, and
yields even smaller Q limitations. Because of residual doping
and nonstoichiometry, both scattering and absorption will be
elevated compared to the fundamental limits, thereby reduc- 55
ing the Q in actual resonators. An additional source for Q
limitation may be the scattering produced by the residual
surface inhomogeneities resulting from the polishing tech-
niques. At the limit of conventional optical polishing quality
(average roughness 6=2 nm), the estimates based on the 60
waveguide model for WGM surface scattering yield Q-1011
We studied WGM resonators fabricated with calcium fluo-
ride and a few other crystalline materials, and measured their
quality factors. The highest achieved Q values are presented
in FIG. 7 which shows the maximum Q factors achieved with 65
crystalline resonators vs the best Q factors measure in the
fused silica microspheres: (1) Ref.; (2) Ref. LiTa0 3 resona-
6
tors have the same Qs as LiNb0 3 . The LiNb0 3, LiTa03 and
Al203 resonators were fabricated out of commercially avail-
able wafers. CaF 2 resonators were fabricated out of commer-
cial windows. The fabrication was performed by core-drilling
of cylindrical preforms and subsequent polishing of the rim of
the preforms into spheroidal geometry. The typical resonator
has a diameter of 4-7 millimeters and a thickness of 0.5-1 mm.
FIG. 8 shows Calcium fluoride resonators that have Q=2x
1010
We tested resonators made with several varieties of lithium
niobate, which included congruent, stoichiometric, and peri-
odically poled materials, and were able to achieve the maxi-
mum Q at the same level in all cases.
Measurement of the Q was done using the prism coupling
method. The intrinsic Q was measured from the bandwidth of
the observed resonances in the undercoupled regime.
Because of different refraction indices in resonators, we used
BK7 glass prisms (n=1.52) for silica (n=1.44) and calcium
fluoride (n=1.43), diamond (n=2.36) for lithium niobate
(n=2.10, 2.20), and lithium niobate prism (n=2.10) for sap-
phire (n=1.75). We used extended cavity diode lasers at 760
mu, distributed feedback semiconductor lasers at 1550 mu,
and solid-stateYAG lasers at 1319 nm as the light source.
FIG. 9 shows one example of a measured resonance curve
of a sample WGM resonator made of calcium fluoride. The
experimental data are well fitted with the Lorentz curve hav-
ing 15-kHz full width at half maximum (FWHM). By
improving the quality of the polishing, the Q factor can be
further increased beyond what was measured. However, with
this increase, the laser line-width becomes comparable to the
width of the resonance, and thermal nonlinearity becomes
significant. Furthermore, the resonance can no longer be fit-
ted with a Lorentzian function any more. FIG. 10 shows a
spectrum of CaF2 WGM resonator with a Q factor exceeding
2x10 10 (a=5x10-6 cm-1 ). The insert in FIG. 10 shows the
resonance fitted with a theoretically derived resonance curve,
where the theory takes into consideration the thermal nonlin-
earity of the material.
Thermal nonlinearity is important in high-Q WGM reso-
nators. For example, because of the thermal non-linearity, the
trace of the resonance on the screen of oscilloscope changes
depending on the laser power and the speed and direction of
the laser scan. This effect is produced because of heating of
the mode volume by the light power absorbed in the material
resulting from the nonzero optical absorption. The process
can be described with two time constants, one of which is
responsible for flow of heat from the mode volume to the rest
of the resonator, and the other for heat exchange between the
resonator and external environment. The laser scan should be
fast compared with the relaxation constants and the light
power must be small to reduce the effect.
In the simplest approximation the evolution of the system
can be described with a set of two equations, where a is the
complex amplitude of the field in the resonator mode, y is the
mode linewidth, w=2nT is the mode frequency, 6 is the ther-
mal frequency shift, F(t) stands for the external pump, F
characterizes the thermal relaxation rate, and ^ is the thermal
nonlinearity coefficient. Numerical simulations show the
presence of instability in the system originally observed in
fused silica microresonators. The regime of the oscillatory
instability is observed in the crystal-line resonators as well.
FIG. 11 shows the interlaced resonance curves as scanned
in two different laser frequency sweep directions. The hys-
teretic feature occurs due to thermal oscillatory instability of
the slope of the nonlinear resonant curve. Heating of the
resonator shifts the mode to higher frequency. The laser drags
the mode if the laser frequency increases slowly with time. On
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the other hand, the laser jumps through the mode if the laser
frequency decreases with time. The effect increases with the
increase of optical power in the mode (cf. left- and right-hand
side traces). The quality factor of the mode exceeds 6x109.
In view of the above, we have presented results concerning
the fabrication of very high-Q whispering gallery mode crys-
tal-line resonators, and demonstrated the highest reported Q
factor in a dielectric WGM optical cavity. We show that it is
possible to produce such resonators with Q factors exceeding
the maximal Q factors of fused silica resonators. Our mea-
surements have shown that some optical crystals have lower
absorption in the near infrared, as compared with data
reported previously. Ultrahigh-Q crystalline whispering gal-
lery mode resonators pave the way for further understanding
the interaction of light with matter, and could be useful in
many fundamental science and engineering applications,
including ultra-narrow-band filters and light storage devices
with flexibility to contain light for long intervals of time.
The following sections further describe one application of
the above high-Q fluorite WGM resonators for achieving
low-threshold optical hyperparametric oscillations. The
oscillations result from the resonantly enhanced four-wave
mixing occurring due to Kerr nonlinearity of the material.
Because of the narrow bandwidth of the resonator modes as
well as the high efficiency of the resonant frequency conver-
sion, the oscillations produce stable narrow-band beat-note of
the pump, signal, and idler waves. A theoretical model for thi s
process is described.
Realization of efficient nonlinear optical interactions at
low light levels has been one of the main goals of non-linear
optics since its inception. Optical resonators contribute sig-
nificantly to achieving this goal, because confining light in a
small volume for a long period of time leads to increased
nonlinear optical interactions. Optical whispering gallery
mode (WGM) resonators are particularly well suited for the
purpose. Features of high quality factors (Q) and small mode
volumes have already led to the observation of low-threshold
lasing as well as efficient nonlinear wave mixing in WGM
resonators made of amorphous materials.
Optical hyperparametric oscillations, dubbed as modula-
tion instability in fiber optics, usually are hindered by small
nonlinearity of the materials, so high-power light pulses are
required for their observation. Though the nonlinearity of
CaFz is even smaller than that of fused silica, we were able to
observe with low-power continuous wave pump light a strong
nonlinear interaction among resonator modes resulting from
the high Q (Q>5x 109) of the resonator. New fields are gener-
ated due to this interaction.
The frequency of the microwave signal produced by mix-
ing the pump and the generated side-bands on a fast photo-
diode is very stable and does not experience a frequency shift
that could occur due to the self- and cross-phase modulation
effects. Conversely in, e.g., coherent atomic media, the oscil-
lations frequency shifts to compensate for the frequency mis-
match due to the cross-phase modulation effect (ac Stark
shift). In our system the oscillation frequency is given by the
mode structure and, therefore, can be tuned by changing the
resonator dimensions. In contrast with resonators fabricated
with amorphous materials and liquids, high-Q crystalline
resonators allow for a better discrimination of the third-order
nonlinear processes and the observation of pure hyperpara-
metric oscillation signals. As a result, the hyperoscillator is
promising for applications as an all-optical secondary fre-
quency reference.
The hyperparametric oscillations could be masked with
stimulated Raman scattering (SRS) and other non-linear
effects. For example, an observation of secondary lines in the
8
vicinity of the optical pumping line in the SRS experiments
with WGM silica microresonators was interpreted as four-
wave mixing between the pump and two Raman waves gen-
erated in the resonator, rather than as the four-photon para-
5 metric process based on electronic Kerr nonlinearity of the
medium. An interplay among various stimulated nonlinear
processes has also been observed and studied in droplet
spherical microcavities.
Thepolarization selection rules together with WGM's geo-
10 metrical selection rules allow for the observation of nonlinear
processes occurring solely due to the electronic nonlinearity
of the crystals in crystalline WGM resonators. Let us consider
a fluorite WGM resonator possessing cylindrical symmetry
with symmetry axis. The linear index of refraction in a cubic
15 crystal is uniform and isotropic, therefore the usual descrip-
tion of the modes is valid for the resonator. The TE and TM
families of WGMs have polarization directions parallel and
orthogonal to the symmetry axis, respectively. If an optical
pumping light is sent into a TE mode, the Raman signal
20 cannot be generated in the same mode family because in a
cubic crystal such as CaF z there is only one, triply degenerate,
Raman-active vibration with symmetry F zg . Finally, in the
ultrahigh Q crystalline resonators, due to the material as well
as geometrical dispersion, the value of the free spectral range
25 (FSR) at Raman detuning differs from the FSR at the carrier
frequency by an amount exceeding the mode spectral width.
Hence, frequency mixing between the Raman signal and the
carrier is strongly suppressed. Any field generation in the TE
mode family is due to the electronic nonlinearity only, and
30 Raman scattering occurs in the TM modes.
FIG. 12 shows an example of a device for generating the
nonlinear oscillations in a CaF z WGM resonator. Light from
a 1.32 µmYAG laser is sent into a CaF z WGM resonator with
a glass coupling prism. The laser linewidth is less than 5 kHz.
35 The maximum coupling efficiency is better than 50%. A
typical CaFz resonator has a toroidal shape with a diameter of
several millimeters and thickness in the range of several hun-
dred microns. The resonators Q factors are on the order of
109-10io
40 The output light of the resonator is collected into a single-
mode fiber after the coupling prism, and is split into two equal
parts with a 50150 fiber splitter. One output of the splitter is
sent to a slow photodiode Dl that produces a do signal used
for locking the laser to a particular resonator's mode. The
45 other output is mixed with a delayed laser light that has not
interacted with the resonator, and the mixed signal is directed
to fast photo-diode D2. With this configuration the disc reso-
nator is placed into an arm of a tunable Mach-Zehnder inter-
ferometer. If the delay between the interferometer arms is
so correctly chosenwe observe a narrow-band microwave signal
emitted by the photodiode.
The locking loop enables us to inject a desired amount of
optical power into the resonator, which would be difficult
55 otherwise because the resonator spectrum can drift due to
thermal and Kerr effects. The larger the laser power, the
further do the modes shift, reducing total power accumulation
in the resonator. For instance, thermal dependence of the
index of refraction for CaFz is
60	 P=no i dnlaT -10-s/K
This means that the frequency of a WGM mode co_ increases
by 10-5 wm if the temperature T increases by 1 ° Kelvin (fol-
lows from w m=me/Rno(1+(3), where c is the speed of light in
65 the vacuum, m>> 1 is the mode number, R is the radius of the
resonator, and no is the index of refraction). Such a shift is 4
orders of magnitude larger than the width of the resonance if
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Q=109 . The feedback loop compensates for this shift by
adjusting the laser frequency to keep up with the mode. The
stationary mode frequency is determined by the amount of the
optical power absorbed in the resonator as well as by the heat
exchange of the cavity with the external environment.
We found that if the light from the resonator is directly sent
to a fast photodiode it would not generate any detectable
microwave signal. However, if the resonator is placed
into an arm of the Mach-Zehnder interferometer and the
delay in the second arm of the interferometer is correctly
chosen, the modulation appears. This is a distinctive
property of phase modulated light. The observed phase
modulation implies that high- and low-frequency side-
bands generated in the parametric oscillation process
have a 71 radian phase relationship, while the hyperpara-
metric oscillations observed in optical fibers generally
result in 7c/2 phase between the sidebands. FIGS. 15 and
16 show two methods of operating the device in FIG. 12.
FIG. 13 shows one example of a microwave spectrum of a
22-dB amplified microwave signal generated at the broad-
band optical detector by the light interacted with a CaFz
resonator. The microwave frequency corresponds to FSR of
the resonator. The half width at half maximum of the signal
shown is less than 40 kHz. The generated microwave signal
with the frequency -8 GHz corresponding to the FSR of the
resonator has a narrow (-40 kHz) linewidth. We found that
the signal frequency is stable with temperature, pump power,
and coupling changes, because the FSR frequency of the
resonator does not significantly change with any of those
parameters.
FIG. 14 shows measured values of the microwave power as
a function of the optical pump power. This measurement is
used to find the efficiency of the parametric process. The plot
shows the microwave power at the output of the optical detec-
tor versus 1.32 µm pumping light power. The microwave
frequency corresponds to the 8,,, of the WGM disc resona-
tor. The solid line is a guide for the eye. Circles and squares
are for the first and second mw harmonics of the signal. The
modulation appears only after exceeding a distinct power
threshold (-I mW) for the optical pump. We estimated the
modulation efficiency to be -7%
between a sideband power and the pump power achieved at
4 mW input optical power. Increasing the pumping power
results in a gradual decrease of the sideband power because of
the generation of higher harmonics.
We also searched for the SRS process in the resonator. To
collect all output light from the TE as well as the TM modes
we used a multimode optical fiber instead of the single-mode
fiber at the output of the prism coupler. The fiber was con-
nected to an optical spectrum analyzer. The SRS signal was
expected in the vicinity of the CaF z Raman-active phonon
mode (322 cm- '). Within the range of accuracy of our mea-
surement setup and with optical pumping as high as 10 mW at
the resonator entrance, we were unable to observe any SRS
signals, in contrast with the previous studies of nonlinear
phenomena in amorphous WGM resonators. We conclude
that the modulation effect is due to the hyperparametric oscil-
lations, not a four-wave mixing between the optical pumping
and light generated due to the Raman scattering.
To explain the results of our experiment we consider three
cavity modes: one nearly resonant with the pump laser and the
other two nearly resonant with the generated optical side-
bands. We begin with the following equations for the slow
amplitudes of the intracavity fields
10
b_-I'B_+ig[21AIZ+2IB+IZ+B_IZJB_+igB*+IAIZ,
where F.-i(w o-w)+yo and F.-i(w.-w.)+y., yo , y am , and y_ as
well as w o, w+, and w_ are the decay rates and eigenfrequen-
5 cies of the optical cavity modes respectively; w is the carrier
frequency of the external pump (A), w. and w. are the carrier
frequencies of generated light (B + and B_, respectively).
These frequencies are determined by the oscillation process
and cannot be controlled from the outside. However, there is
10 a relation between them (energy conservation law): 2w=w.+
w_. Dimensionless slowly varying amplitudes A, B +, and B_
are normalized such that IAI 2, IB+ I 2, and B_ 12 describe pho-
ton number in the corresponding modes. The coupling con-
stant can be found from the following expression
15
g=hwoZnZC/VnoZ
where nz is an optical constant that characterizes the strength
of the optical nonlinearity, n o is the linear refractive index of
20 
the material, V is the mode volume, and c is the speed of light
in the vacuum. Deriving this coupling constant we assume
that the modes are nearly overlapped geometrically, which is
true if the frequency difference between them is small. The
force F. stands for the external pumping of the system Fo
25 (2yoI?JwJ 1/2 , where Po is the pump power of the mode
applied from the outside.
For the sake of simplicity we assume that the modes are
identical, i.e., y whichis justifiedby observation with
actual resonators. Then, solving the set (1)-(3) in steady state
30 we find the oscillation frequency for generated fields
1
35
i.e., the beat-note frequency depends solely on the frequency
difference between the resonator modes and does not depend
on the light power or the laser detuning from the pumping
40 
mode. As a consequence, the electronic frequency lock circuit
changes the carrier frequency of the pump laser but does not
change the frequency of the beat note of the pumping laser
and the generated sidebands.
The threshold optical power can be found from the steady
45 state solution of the set of three equations for the slow ampli-
tudes of the intracavity fields:
n nod'
P,,=1.542 n 0 	,
50
where the numerical factor 1.54 comes from the influence of
the self-phase modulation effects on the oscillation threshold.
55 The theoretical value for threshold in our experiment is
Pth-0.3 mW, where n.-I.44 is the refractive index of the
material, n2-3.2x 10- 16 cm2/W is the nonlinearity coefficient
for calcium fluoride, V=10 -4 cm3 is the mode volume, Q=6x
109 , and X=1.32 µm.
60 The above equation suggests that the efficiency of the
parametric process increases with a decrease of the mode
volume. We used a relatively large WGM resonator because
of the fabrication convenience. Reducing the size of the reso-
nator could result in a dramatic reduction of the threshold for
65 the oscillation. Since the mode volume may be roughly esti-
mated as V=27tXR2, it is clear that reducing the radius R by an
order of magnitude would result in 2 orders of magnitude
A=-I'6.4+ig[,41 2 +2IB+ 1 2 +2 B_1 2]A+2ig,4 *B+B_+F6,
B	 F+B++ig[21AIZ+IB+IZ+21B_IZ]B++igB*_IAIZ,
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reduction in the threshold of the parametric process. This
could place WGM resonators in the same class as the oscil-
lators based on atomic coherence. However, unlike the fre-
quency difference between sidebands in the atomic oscillator,
the frequency of the WGM oscillator could be free from
power (ac Stark) shifts.
Solving the set of Langevin equations describing quantum
behavior of the system we found that the phase diffusion of
the beat-note is small, similar to the low phase diffusion of the
hyperparametric process in atomic coherent media. Close to
the oscillation threshold the phase diffusion coefficient is
Y2 hwo
bear 
N 4^ PBout
where Pout is the output power in a sideband. The corre-
sponding Allan deviation is u,_/wbeat(2 D,_ /tW2 beat) 112.
We could estimate the Allan deviation as follows:
136beaP wbear^ 10— ^V'
for yo 3x105 rad/s, PBout 1 mW, w,-L4x10 15 rad/s and
w,, 5x10 10 rad/s. Follow up studies of the stability of the
oscillations in the general case will be published elsewhere.
We considered only three interacting modes in the model,
however the experiments show that a larger number of modes
could participate in the process. The number of participating
modes is determined by the variation of the mode spacing in
the resonator. Generally, modes of a resonator are not equi-
distant because of the second order dispersion of the material
and the geometrical dispersion. We introduce D=(2wo-w.
w_)/yo to take the second order dispersion of the resonator into
account. If IDI?1 the modes are not equidistant and, there-
fore, multiple harmonic generation is impossible.
Geometrical dispersion for the main mode sequence of a
WGM resonator is D-0.41c/(y oRn0m5/3) for a resonator with
radius R; w., w0, and w_ are assumed to be m+1, m, and m-1
modes of the resonator (w_Rnwm=mc, m»1). For R-0.4 cm,
y0-2x105 rad/s, m=3x104 we obtain D=7x10-4, therefore the
geometrical dispersion is relatively small in our case. How-
ever, the dispersion of the material is large enough. Using the
Sellmeier dispersion equation, we find D-0.1 at the pump
laser wavelength. This implies that approximately three side-
band pairs can be generated in the system (we see only two in
the experiment).
Furthermore, the absence of the Raman signal in our
experiments shows that effective Raman nonlinearity of the
medium is lower than the value measured earlier. Theoretical
estimates based on numbers from predict nearly equal pump
power threshold values for both the Raman and the hyper-
parametric processes. Using the expression derived for SRS
threshold PR -7t2n0^V/ JX2Q2, where G-2x10-11 cm/W is the
Raman gain coefficient for CaF 2, we estimate P,/PR-1 for
any resonator made of CaF 2 . However, as mentioned above,
we did not observe any SRS signal in the experiment.
Therefore, because of the long interaction times of the
pumping light with the material, even the small cubic nonlin-
earity of CaF2 results in an efficient generation of narrow-
band optical sidebands. This process can be used for the
demonstration of a new kind of an all-optical frequency ref-
erence. Moreover, the oscillations are promising as a source
of squeezed light because the sideband photon pairs gener-
ated in the hyperparametric processes are generally quantum
correlated.
12
The various aspects of the above described technical fea-
tures are described in two published articles by Savchenkov et
al., "Kilohertz optical resonances indielectric crystal cavi-
ties," Physical Review A70, Rapid Communications, 052804
5 (R), 2004 and "Low threshold optical oscillations in a whis-
pering gallery mode CaF2 resonator," Physical Review Let-
ter, Vol. 93, 243905 (2004). The entire disclosures of above
two articles are incorporated by reference as part of the speci-
fication of this application.
10	 Only a few implementations are disclosed. Variations and
enhancements may be made.
What is claimed is:
1. A method, comprising:
splitting a laser beam from a laser into a first laser beam
15 into a first optical arm of a Mach-Zehnder interferometer
and a second laser beam into a second optical arm of the
Mach-Zehnder interferometer;
inserting a nonlinear whispering-gallery-mode (WGM)
resonator formed of a fluorite crystal material exhibiting
20 optical nonlinearities for nonlinear wave mixing in the
first optical arm of the Mach-Zehnder interferometer to
receive the first laser beam from an input end of the first
optical arm and to output a filtered first laser beam to an
output end of the first optical arm, wherein the whisper-
25	 ing-gallery-mode resonator comprises at least a portion
of a spheroid with an eccentricity larger than 0.1;
controlling the laser beam entering the Mach-Zehnder
interferometer by setting a power level of the first laser
beam above a threshold and effectuating nonlinear wave
30 mixing inside the WGM resonator, including suppress-
ing light in the TM mode caused by Raman scattering
and generating the nonlinear wavemixing in TE sets of
whispering-gallery modes circulating along an equator
of the spheroid around a short ellipsoid axis based on an
35 electronic nonlinearity for the TE mode by controlling
polarization of the laser beam to be parallel to a sym-
metric axis of the WGM resonator wherein the suppress-
ing step occurs while the generating step occurs;
combining the filtered first laser beam and the second laser
40	 beam to produce a combined optical beam as an output
of the Mach-Zehnder interferometer;
converting the combined optical beam into an electronic
detector signal; and
observing an optical hyperparametric oscillation caused by
45	 the nonlinear wave mixing in the WGM resonator.
2. A method as in claim 1, wherein the laser is a tunable
laser, the method further comprising:
converting a portion of the filtered first laser beam into an
electrical signal;
50	 extracting a DC portion of the electrical signal as a fre-
quency error signal of the laser; and
applying the frequency error signal to control the laser to
lock the laser to a whispering gallery mode of the reso-
nator.
55	 3. A method as in claim 1, comprising:
placing an optical coupling element adjacent to the equator
to evanescently couple optical energy into the WGM
resonator in at least one of the whispering-gallery
modes, or out of the WGM resonator from at least one of
60	 the whispering-gallery modes.
4. A method as in claim 1, wherein the fluorite crystal
material is CaF2.
5. A method as in claim 1, comprising using a frequency
generated by the nonlinear wave mixing to provide an optical
65 frequency reference.
